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Abstract

We construct an algorithm for United States retirees that computes individualized taxefficient annual withdrawals from IRAs/401(k)s, Roth IRAs/Roth 401(k)s, and taxable accounts. Our algorithm applies a new approach that generates an individualized strategy that
results in consistent improvements over non-individualized withdrawal strategies currently
advocated by financial institutions and academics. Among other results, we quantifiably
demonstrate why retirees should avoid, not seek, dividend producing stocks in their taxable
accounts. Our model, which can work to optimize either portfolio longevity or the bequest to
an heir, accommodates many salient tax code features, including dividends, different taxable
lots, conversions, and required minimum distributions.
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Introduction

United States retirees generally have their stock1 invested in three types of accounts: 1)
tax-deferred accounts (TDAs) like traditional IRAs or traditional 401(k)s, 2) Roth IRAs or
Roth 401(k)s, and 3) taxable accounts. These three accounts are governed by significantly
different tax rules. For example, TDAs are taxed as income via progressive tax brackets and
are subject to required minimum distributions (RMDs); Roth accounts are not subject to
tax; and stock in taxable accounts, when sold, is subject to capital gains taxes, although all
capital gains amassed by a retiree are forgiven when stock is inherited by an heir.
These differences in tax structure, especially between the taxable account and the two
retirement accounts, make answering the important question of how to optimally utilize
these three accounts quite complicated. Much attention has been given by non-academic
institutions, as well as academic researchers, for how to best build up these accounts in
preparation for retirement. Brown et al. (2017), for example, provides a comprehensive list
of academic papers in this area. Intrinsic to answering this question, as well as of great
interest in its own right, is understanding the somewhat less investigated question of how to
∗
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In this paper, the term “stock” will be shorthand for a portfolio of stocks that may include mutual funds,
exchange-traded funds, as well as a variety of individual stocks.
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best withdraw from these three accounts during retirement. The sequencing of withdrawals
that a retiree makes among stock accounts with varying tax structures can have a significant
effect on their portfolio’s longevity or, after the retiree passes away, on the size and utility of
their bequest to an heir. In this paper, we provide an algorithm that determines a strategy
that is optimal or near-optimal for allocating withdrawals among these three accounts, by
minimizing the effect of taxes on the retiree and the retiree’s heir.
Non-academic advice, coming from investment firms, financial advisors, and books on
retirement, recommend strategies for retirees’ withdrawal choices that are often far from optimal and often in contradiction with each other, with the exception that there is general
agreement that Required Minimum Distributions (RMDs) should be taken from TDAs. For
example, one very common category of strategies, termed “naı̈ve” strategies by Horan (2006a
and 2006b), recommends that retirees completely exhaust one account before moving to the
next. The books by Solin (2010), Rodgers (2009), and Lange (2009), suggest sequencing
withdrawals so that retirees drain taxable accounts first, then TDAs, and finally Roth accounts. This strategy is also endorsed by large retail investment firms Fidelity (see Fidelity
(2014) and Fidelity (2015)) and Vanguard (Vanguard (2013)). In contrast, other financial authors, such as Larimore, Lindauer, Ferri, and Dogu (2011), recommend first draining taxable
accounts, but then recommend draining Roth accounts followed finally by TDAs. Another
Vanguard paper (Jaconetti and Bruno (2008)) recommends that the decision on whether to
drain the TDA or Roth account immediately following the taxable account should be based
on expected future marginal tax rates. Coopersmith and Sumutka (2011) estimate the suboptimality of these naı̈ve strategies to be approximately 16%. This agrees with DiLellio and
Ostrov (2017), who provide illustrations for which the naı̈ve approaches are 10-26% suboptimal. A second set of strategies, termed “informed” strategies by Horan (2006a and 2006b),
use TDA spending up to the top of a given tax bracket in every year. This is advocated
in the book by Piper (2013), who suggests filling any remaining consumption needs first
with taxable stock, then with Roth money, and lastly the TDA, if the TDA is not already
exhausted. The informed strategies are generally a considerable improvement over the naı̈ve
strategies, but their inability to consider using the TDA to partially fill a tax bracket or
to consider using different amounts of TDA spending in different years usually makes them
suboptimal.
From an academic research point of view, there are two potential approaches to find the
optimal withdrawal strategy. The first, and seemingly most obvious, is to use one of the many
numerical methods available (see, for example, the book by Nocedal and Wright (2006)) to
solve this constrained optimization problem. However, to our knowledge there are no recent
papers following this approach, because, in practice, these numerical methods generally fail
by producing a locally optimal strategy that is far from the global optimum.
The second academic approach for locating the optimal withdrawal strategy, which this
paper among others takes, is to directly consider the implications of the tax laws and work
to minimize their downside for the retiree. Brown et al. (2017) points out that in the
broader realm of retirement-related academic research, “prior literature often...considers tax
advantaged accounts in an environment with a known, flat tax rate.” The flat tax rate
assumption can be found, for example, in Shoven and Sialm (2003) and Dammon et al. (2004),
among many others. If the income tax rate is flat, papers by Spitzer and Singh (2006) and
Cook, Meyer, and Reichenstein (2015) in discrete time, and by DiLellio and Ostrov (2017)
in continuous time, give compelling examples and cases that suggest the withdrawal strategy
between the TDA and Roth account is irrelevant. In Appendix 1, we give a simple proof in
continuous time that definitively shows the withdrawal strategy in this flat tax environment
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does not matter. Even in the context of progressive tax brackets used in this paper, this fact
has important implications.
Within the context of withdrawal optimization for just TDA and Roth accounts, Horan’s
(2006a and 2006b) informed strategies, described previously, were a considerable step towards
optimizing a retiree’s portfolio longevity. This seminal work was expanded and investigated
further in Reichenstein, Horan, and Jennings (2012). Al Zaman (2008) extended a retiree’s
possible objectives to optimal bequests, in addition to the easier subcase of optimal portfolio
longevity. DiLellio and Ostrov (2017) give an algorithm that yields an optimal TDA and
Roth account withdrawal strategy for either the goal of optimizing bequests or the subcase
of optimizing portfolio longevity. That algorithm, summarized in Step 1.1 of Stage 1 in Subsection 5.3 of this paper, yields a geometrically simple, easy to understand optimal strategy
that becomes an important subroutine for this paper. However, because taxable accounts
have very different taxation rules than TDAs and Roth accounts, this paper will require a far
more complex algorithm, requiring a number of additional steps and stages. Further, looking
to always attain an exact optimal withdrawal strategy leads to a computationally intractable
algorithm. Therefore, while our algorithm’s results will often be optimal, we have carefully
chosen some small assumptions and approximations to obtain a computationally tractable
algorithm that results in near-optimal, instead of exactly optimal, strategies at times. We
will point out these assumptions and approximations when they occur.
Previous papers, such as Spitzer and Singh (2006), that consider how to optimize the
longevity of portfolios with TDAs, Roth accounts, and taxable stock accounts have proposed
a variety of fixed strategies and then compared their effectiveness for different financial scenarios. For example, Sumutka, Sumutka, and Coopersmith (2012) compare the effectiveness
of a wide variety of naı̈ve and informed withdrawal strategies for an array of portfolios. Cook,
Meyer, and Reichenstein (2015) cleverly expanded the field of possible strategies by considering the advantages of using conversions from the TDA account in addition to withdrawals
in a variety of examples. We address the potential benefits these conversions can provide in
Section 7.
Our approach differs from previous research in that it looks to construct a tax efficient
strategy by means of an adaptive algorithm that can tailor itself to a retiree’s specific circumstances. This allows us to better address a far wider range of circumstances than comparing
fixed strategies allows. We have not found a circumstance under which either a naı̈ve or an
informed strategy produces better results, meaning a higher bequest or a longer portfolio
longevity, than our algorithm produces. Our model includes working with Required Minimum Distributions (RMDs) for TDAs, as is the case with most of the academic research
above, but it also considers the less commonly considered effects of working with stock dividends and conversions from the TDA account. The model also accommodates working with
different taxable lots within the taxable account, since, when selling taxable stock, it is always optimal to select the lot containing stock purchased at the highest share price. We note
that our algorithm is general enough to accommodate many common changes to tax policies,
such as a change to the number of tax brackets or the marginal tax rates, when such changes
occur. For example, it was easy to alter our algorithm’s parameters to accommodate all of
the changes created by the tax overhaul passed by Congress at the end of 2017.
While the algorithm works to optimally determine how much a retiree should spend each
year from their TDA, Roth, and taxable stock accounts — that is, these are the three decision
variables to be determined each year — it also accommodates two other sources of income.
Both of these sources provide fixed amounts of money each year. The first source, which
we will call L(t) in this paper, because it will be geometrically represented in the lower
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part of our graphs, encompasses any known (or projected) sources of money, other than the
TDA account, that are subject to income tax. These include earned income, some pensions,
annuities bought with pre-tax money, and the earnings from annuities bought with posttax money. It also applies to the Social Security benefits of some poor and some wealthy
retirees, as discussed in DiLellio and Ostrov (2017). The second source, which we will call
U (t) in this paper, because it will geometrically be represented in the upper part of our
graphs, encompasses any known (or projected) sources of money that (a) have tax rates
that are independent of the retiree’s allocation decisions among the TDA, Roth, and taxable
accounts, and (b) unlike L(t), have no effect on the taxation rate of the TDA or taxable
account. Examples include tax-free gifts and tax-free accounts like Health Savings Accounts,
some pensions, and the principal from annuities bought with post-tax money. It also applies
to the Social Security benefits of some less well-off retirees, again as discussed in DiLellio
and Ostrov (2017).
The main restriction in this paper, which is common in the literature, is that nothing is
stochastic. Everything in the future is known or, more realistically, projected by the retiree
and/or their financial advisor. This includes the annual rate of return for the stock, the
stock’s dividend rate, the rate of inflation, all tax rates and tax brackets, as well as the
values of L(t) and U (t) in each year. If the goal is to optimize an heir’s bequest, the time at
which the retiree will die, the effective marginal tax rate of the heir, and the rate at which
the heir will consume inherited TDA or Roth money must also be known/projected. This
non-stochastic model still corresponds to a very difficult tax minimization problem, as will
soon be clear.
Expanding to an adaptive strategy with stochastic behavior requires a Bellman equation
approach, which would be impossible to implement due to the so-called “curse of dimensionality” without considerable simplifications to our financial model. For example, among
these simplifications would be the removal of multiple taxable lots because they create multidimensional information that moves forwards in time, whereas the Bellman equation, by
its nature, must evolve its solution backwards in time, and therefore cannot accommodate
all these complex possibilities. The paper by Brown et al. (2017), for example, applies the
Bellman equation approach to TDA and Roth account withdrawals, but restricts itself to a
two period model due to the computational complexity this problem creates, even without a
taxable stock account.
The current literature, for the most part, does not attempt to determine the optimal
allocation between the stock and the bond/cash positions within the three types of accounts,
nor do we look to resolve this largely still open question. Indeed, one of the ramifications of
our model being deterministic is that it will be optimal to have strictly stock, as opposed to
bonds or cash, in the TDAs, Roth accounts, and taxable accounts. That is, because the stock
returns are assumed known, the model cannot recommend having bonds or cash given their
lower return rates. Of course, in practice, bonds and cash have an important role to play
due to their lower volatility. We note that our model can accommodate known/projected
payouts from bond and cash positions in taxable accounts via L(t) and U (t), since bond
coupons and interest are part of L(t), while consumption of principal and the par value of
bonds at maturity are part of U (t). But the use of this is lessened by the fact that, when
possible, cash should be held in one of the retirement accounts instead of the taxable account.
This is because retirement accounts treat stocks, bonds, and cash equally from a taxation
point of view, but stocks are taxed more lightly than bonds or cash in a taxable account.
Specifically, in a taxable account, any interest from cash or coupons from bonds is taxed
immediately as ordinary income, while for stock gains, taxes are either deferred until the
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stock is sold and then subject to a smaller long-term capital gains rate or the taxes are
forgiven outright in a bequest to an heir.
The organization of this paper is as follows: In Section 2 we introduce some basic definitions for our model. Section 3 contains our model’s assumptions. Section 4 lists five guiding
principles that will define how our algorithm prioritizes spending in order to maximize the
retiree’s bequest. Section 5 details the algorithm, working through 4 stages: Stage 1 optimizes using just the TDA and Roth account. Stage 2 incorporates the use of the taxable
stock if there are no dividends. Stage 3 incorporates dividends. Stage 4 incorporates RMDs
from the TDA. Section 6 shows how Section 5’s algorithm for optimizing a retiree’s bequest
can be used for the subcase where the retiree instead wishes to optimize portfolio longevity.
Section 7 discusses how the algorithm can be altered if we wish to include the possibility of
incorporating conversions from the TDA to the Roth account or to the taxable stock account.
Section 8 demonstrates additional results obtained from our algorithm, such as a comparison
of our algorithm’s strategy to the naı̈ve and the informed strategies, a comparison of portfolio
longevity under the new 2018 tax legislation vs. the previous 2017 tax law, and an analysis
showing the potential detrimental effects of dividends for retirees. In Section 9, we discuss
our main conclusions.

2

Definitions

Definition of basic variables:
t = time (in years) during retirement
tdeath = value of t when the investor dies
µ = annual rate of return, in real dollars, for stock in all accounts
before dividends are distributed
d = annual dividend rate, where all dividends are assumed to be qualified,
distributed at the end of the year, and may be consumed or reinvested
Definition of tax rates:
τdiv = tax rate on qualified dividends
τgains = tax rate on long-term capital gains
τmarg = marginal income tax rate in a given year for the top tax bracket
in which there is L(t) +TDA consumption by the retiree.
τheir = effective marginal income tax rate for the heir or heirs, which is
applicable to distributions from an inherited TDA
Definition of the index j, “lot j of stock”, and jmax : Since the cost basis of a stock’s lot
depends the stock’s purchase date, we attach a new index, j, to each successive stock purchase
in the retiree’s taxable account. All stock purchased at the same time, indexed by j, will be
referred to as “lot j of stock.” For example, “lot 4 of stock” would be the fourth oldest lot
of stock in the retiree’s taxable account. The index jmax corresponds to the total number
of different tax lots held by the retiree. When dividends are not immediately used for
consumption, they will be used to purchase more stock2 forming a new lot and increasing
2

If the retiree has no earned income, they cannot put dividend money into a TDA or a Roth account. Even if
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the value of jmax by one. If a lot is completely consumed by the retiree, then jmax is reduced
by one.
Definition of ωtj : For the j th lot of stock at time t, we define
ωtj = the fraction at time t of the worth of lot j’s stock that is equal to its cost basis.
So, for example, let’s say that $20 was used to purchase the original stock in the portfolio.
If, 15 years into our algorithm’s projection, that lot of stock is projected to be worth $100,
1 = 0.2. Note that when a new lot of stock such as reinvested dividends is created,
then ω15
we initially have ωtjmax = 1 for this new lot j = jmax stock, since there are no capital gains
yet. Each year, each group of stock, in real dollars, becomes worth (1 + µ)(1 − d) times its
previous years’ worth. Given this, for each lot j in year t + 1, we have that
j
ωt+1
=

ωtj
.
(1 + µ)(1 − d)

Also, since our model assumes positive returns, i.e., µ > 0, we have that3
ωt1 ≤ ωt2 ≤ ... ≤ ωtjmax .
Definition of a, the heir’s discount factor for inherited taxable stock: Comparing the worth
of inherited Roth money to inherited TDA money is straightforward, because at t = tdeath
inheriting a dollar of Roth money is equivalent to inheriting 1−τ1
dollars of TDA money.
heir
Comparing the worth of inherited Roth money to inherited taxable stock money is more
complicated. We define the discount factor a ≤ 1, so that inheriting a dollar of Roth money
at t = tdeath is equivalent to inheriting a1 dollars of taxable money at t = tdeath . If an heir
immediately liquidates their inherited TDAs and Roth accounts, then a = 1. It is beneficial
to the heir to keep a low by not immediately liquidating these accounts. In Appendix 2,
we compute explicit formulas for amin , the lower bound on a that corresponds to an heir
being wise and only taking RMDs from inherited TDAs and Roth accounts. Under typical
circumstances, as shown in Appendix 2, amin ≥ 0.75; that is, 0.75 ≤ a ≤ 1.

3

Financial and Model assumptions

We make the following financial and model assumptions in this paper:
1. Because we work in real dollars, we assume the inflation rate is known or projected.
So, for example, if µ = 5% and the rate of inflation is 3%, then the annual nominal rate
of return for the stock is 8%.
2. Tax rates and tax brackets:
they have earned income, but are older than 70 and a half, they cannot put dividend money into a TDA. See IRS
rules: https://www.irs.gov/retirement-plans/traditional-and-roth-iras.
3
In fact, even if we allow for negative returns, this ordering for the ωtj will still hold for an optimally minded
investor, since, for any stock at a loss, it is always optimal for the investor to sell the stock and then buy another
stock with similar properties to immediately reap the tax advantage of realized capital losses. The replacement
stock cannot be exactly identical because of wash sale rules. So, for example, a total stock market fund would be
replaced with another total stock market fund that tracks a similar, but not identical, index. See, for example,
Ostrov and Wong (2011).
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(a) We assume that τheir , τdiv , and τgains are known/projected constants. Note that
τheir may be a projected average or effective tax rate over time and/or over a
number of heirs.
(b) We assume, as is typically the case in tax law, that the nominal tax bracket thresholds adjust with the rate of inflation. This means the projected tax brackets in our
model are constant in real dollars, which is why our model employs real, instead
of nominal, dollars.
(c) We assume that the tax rates for each tax bracket are known/projected constants.
This implies τmarg is known/projected.
3. We assume the investor’s total after-tax consumption needs, C(t), are known/projected
in each year of retirement. We note that the model can easily be rerun with various
projections/scenarios for C(t), as well as any of our other parameters, enabling an
investor to experiment with these to better understand their financial implications.
4. We assume L(t) and U (t) are known/projected in each year t. The money from these
funds is used strictly for consumption, not, for example, to purchase stock. We emphasize that L(t) is subject to income tax rates, while the tax rate for all funds in U (t) must
be fixed and cannot depend on the manner in which spending is allocated among the
TDA, Roth account, and taxable account, nor can the value of U (t) affect the manner
in which the TDA or taxable account is taxed.
5. We do not consider most of the rather complicated tax implications from Social Security
income in our model. The tax rate on Social Security income is a complex function of
other income, including income from TDA funds. Very wealthy and very poor retiree’s
Social Security may be able to be accommodated by using L(t) or U (t). Details concerning this and the ability, or lack of ability, to use L(t) and U (t) for a variety of other
retiree income sources can be found in DiLellio and Ostrov (2017).
6. Stock:
(a) We assume that µ, the annual rate of return for stock in real dollars, and d, the
annual dividend rate, are known or projected. That is, there is no source of uncertainty or volatility for stock returns or dividend rates in our model. For simplicity,
we only consider cases where µ and d are constant, although non-constant cases
can easily be accommodated.
(b) We also assume there are no transaction costs for buying or selling stock, and that
stock can be sold in any quantity, including fractional shares, as is available with
mutual funds.
(c) Because dividends are reinvested without immediate taxation in the TDA and Roth
account, they have no effect on these accounts. For the taxable stock account, we
assume that dividends are paid out annually on December 31st of a year (call it
year t − 1). At that time, we pay taxes on these dividends and use the remainder of
the dividends to buy stock in a new lot, so we increase jmax by one to label this new
lot j = jmax stock. The next day, January 1st of year t, we will liquidate enough
from the TDA, Roth, and taxable stock accounts to satisfy all the consumption
needs in year t not met by L(t) and U (t). This may include immediately selling
back the lot j = jmax stock that the investor just bought, in which case, we reduce
jmax by one to reflect the fact that this lot has been sold. In this case, there are no
capital gains for buying and immediately selling this lot. In practice, an investor
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would just consume the previous year’s dividends directly. But, since our model
has no transaction costs, this is equivalent to buying and selling lot j = jmax stock.
Appendix 3 gives the subroutine by which our algorithm annually updates the TDA,
Roth account, and each of the lots in the taxable stock account to address consumption,
growth, dividends, and taxes.
7. In our main algorithm, detailed in Subsection 5.3, we assume there are no additional
contributions to the TDA, Roth, or taxable stock accounts, nor are there any conversions
from one of these three accounts to another. However, in Section 7, we discuss how
to incorporate allowing Roth conversions from non-RMD TDA money. Section 7 also
considers years where RMDs are greater than the consumption needs, C(t), in which
case the excess RMDs may be used to buy taxable stock, since the IRS prohibits RMDs
from being converted into a Roth account (see, for example, Rosato (2015)).
8. We assume that tdeath is a known/projected time. If desired, tdeath can be projected
from IRS life expectancy tables or, as mentioned earlier, the algorithm can easily be
reapplied with various values of tdeath to obtain strategies for different tdeath scenarios.
9. We assume the inheritance is not high enough that the estate tax is relevant. We note
that only one fifth of one percent of estates are so large that any estate tax is due (see
Huang and DeBot (2015)).
10. We assume the rate at which the heir consumes their inheritance is known/projected.
This is only needed to compute a, the heir’s discount factor for inherited taxable stock,
discussed earlier and detailed in Appendix 2.

4

Guiding Principles

At times, we will think about consuming from taxable stock and from dividends separately,
even though both originate from the taxable stock account. In Subsection 5.3, we will present
a detailed algorithm to optimize withdrawals from four types of money: TDA, Roth, taxable
stock, and dividends generated by the taxable stock. This algorithm will be governed by the
following guiding principles that stem from United States tax law:
Guiding Principle #1: If a given amount of TDA money that is taxed at a constant
marginal rate τ and a given amount of Roth money are both going to be spent to address fixed consumption needs, C(t), the allocation/sequencing between the TDA and
the Roth to address this consumption does not matter. Similarly, if a given amount of
TDA money that is taxed at a marginal rate τ1 and a given amount of TDA money
that is taxed at a marginal rate τ2 are both going to be spent, the allocation/sequencing
between them does not matter.
This first statement is proven in Appendix 1. The second statement can also easily be
proven using the method presented in Appendix 1. This means that, given a specific
amount of TDA money and Roth money to be consumed, we optimize these funds’ use
by keeping the consumed TDA money in the lowest tax brackets, be they for the retiree
or for the heir, as possible.
Guiding Principle #2: It is better to use taxable stock and dividends for earlier, rather
than later, consumption by the retiree.
Since the taxable stock and the reinvested dividends have returns that are slowly eroded
by the effects of dividends, if we know we are going to use part of our taxable account
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for consumption, it is better to use that part as early as possible. This means our
prioritization of whether to use taxable stock/dividends vs. TDA/Roth money to satisfy
consumption may be time dependent, with more likelihood of using the taxable stock or
dividends at earlier times, since taxation on TDA/Roth spending is not time dependent
in the way taxable stock is.
More specifically, if we know we are going to spend some taxable stock money for
consumption, it should be prioritized to be consumed before spending any Roth money.
The bigger question between the Roth account and the taxable account is whether or
not it is worth prioritizing using more Roth money for the retiree’s consumption needs
so that less taxable stock is used for consumption, enabling more capital gains in the
taxable account to be forgiven at death. The answer to this question depends on the
heir’s value of a. The question of prioritizing the TDA versus the taxable account
can be even more complex, as the desire to spend the TDA in lower tax brackets may
override the desire to spend taxable stock earlier.
Guiding Principle #3: When consuming taxable stock, we consume the lot with the highest cost basis, ωtj , that is available at time t. One ramification of this principle is that
we always consume dividends before liquidating other lots.
By consuming stock with the highest cost basis, we minimize the amount of stock that
we need to consume. If we must consume the lower cost basis stock later, we have had
the advantage of having a longer time to collect returns accrued from the larger capital
gains in the lower cost basis stock. Further, it is more desirable to have stock with a
lower cost basis be in the retiree’s account when the retiree dies, since that means that
more tax on the retiree’s capital gains will be forgiven, to the greater benefit of the heir.
We note that since ωt1 ≤ ωt2 ≤ ... ≤ ωtjmax ≤ 1, guiding principle #3 corresponds to
LIFO (last in, first out) being the optimal strategy for an investor. That is, we consume
first from lot jmax and then, should this lot become exhausted and it is desirable to
consume more taxable stock, we consume from lot jmax − 1, which is relabeled lot jmax ,
and we continue in this manner as long as it remains desirable to consume the lot of
taxable stock with the highest remaining j (and ωtj ) value. Further, since dividends
correspond to a taxable lot where ωtjmax = 1, they are always prioritized for consumption
before any other lot.
Guiding Principle #4: We always prioritize using dividends to satisfy the retiree’s consumption needs before using Roth money.
Choosing to prioritize consuming the Roth money, which is not subject to any tax for
the retiree or the heir, so that we can retain (after-tax) dividend money used to buy
taxable stock4 is an inferior choice for three reasons: 1) the erosive effect of taxes on
dividends over time with taxable stock, 2) the tax on capital gains should the taxable
stock need to be sold before the retiree’s death, and 3) the heir is subject to tax on
capital gains accrued after the taxable stock is inherited, even though capital gains are
forgiven when the retiree dies.
Guiding Principle #5: We always take out any Required Minimum Distributions (RMDs).
The 50% fee levied on any RMDs not taken by the retiree from their TDA or the
heir from their inherited TDA or Roth cannot be compensated by anything else in the
current tax system.
4

We assume the retiree is not working, so the money remaining from dividends after taxes cannot be used to
purchase stock in the TDA or Roth account.
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5

Algorithm

In this section we work to determine the annual allocations from the TDA, Roth account,
and taxable stock account that satisfy the retiree’s annual consumption needs and maximize
the objective function Wtotal (tdeath ), which is the total worth of the bequest to an heir or
heirs:
Wtotal (tdeath ) =

1
1
(1 − τheir )WTDA (tdeath ) + WRoth (tdeath ) + WTS (tdeath ),
a
a

(1)

where WTDA (t), WRoth (t), and WTS (t) are the pre-tax worths of the Roth, TDA, and taxable
stock accounts at time t. In the context of this equation, the factor a1 represents the additional
benefit to the heir of having the tax advantages of the TDA and the Roth account before
they are liquidated by the heir. In Section 6, we will show how to extend this algorithm to
optimizing portfolio longevity, instead of optimizing a bequest to an heir or heirs.

5.1

Bar graph visualization and basic set up

We note the example bar graphs in Figure 1 below. There is a bar for each year t = 1
through t = tdeath . The height of the bar in year t is C(t), the known/projected real dollar
consumption needs of the retiree in that year. Just below the title of the bar graph, we
present the four quantities in equation (1): Wtotal (tdeath ), WTDA (tdeath ), WRoth (tdeath ), and
WTS (tdeath ).
Since we have assumed the tax bracket thresholds are constant in real dollars over time,
as is usually the case, the income bounds for each tax bracket correspond to horizontal lines
on the graph. These are represented by dashed lines, with the exception of our using a solid
line on the graph at the height, Hheir , which we define as the unique height below which
τmarg ≤ τheir and above which τmarg > τheir . We will prefer to use the TDA over the Roth
for consumption needs below Hheir and the Roth over the TDA above Hheir , as we will see
in Step 1.1 below.
The case number, given in the graph’s vertical axis label, corresponds to specific values for
parameters, which can be found in Appendix 4. These parameters are: the initial balances
for the TDA, Roth, and taxable stock accounts, the annual consumption needs of the retiree,
the values of L(t) and U (t), the values of tdeath , µ, d, τdiv , τgains , τmarg , τheir , and a. Also, we
must specify the age of the retiree at t = 1, so we know when the retiree reaches the age of
70 and a half and RMDs from the TDA begin. We will restrict our computations, although
not our algorithm, to the case of the retiree buying only a single lot of taxable stock prior
to t = 1, so we must specify the initial value of ω for this lot. In all of our cases, we employ
the IRS tax brackets for a single filer from 2018, which are also given in Appendix 4.
Since the retiree’s consumption needs must be fulfilled with after-tax dollars, the consumption bars must be filled with after-tax money from the retiree’s five money sources:
L(t) (in yellow), U (t) (in dark blue), TDA money (in light blue), Roth money (in green),
and taxable stock money/dividends (in magenta). Consumption needs that are not filled by
any source are shown in red.
Because U (t) involves known/projected sources of money for consumption with known
fixed tax rates, we can determine the after-tax worth of these sources, which gives us the value
of U (t). We then subtract U (t) from C(t) to determine the investor’s remaining consumption
needs. That is, U (t) essentially lowers the heights of the consumption bars, so we represent
this by placing the consumption from U (t) at the top of the bars.
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Figure 1: Annual after-tax consumption for Cases #1 and #2. The parameter values for all of our cases can
be found in Appendix 4. For Case #1 in the left panel, we attempt to address the retiree’s consumption needs,
C(t), by choosing values of the three decision variables: TDA spending (in light blue), Roth spending (in green),
and taxable stock and dividends spending (in magenta). In this case, even without considering RMDs or taxation
on dividends, there is too little money in these three sources, so the retiree has unmet consumption needs (in
red). More specifically, any red section in the graph indicates that the investor’s consumption needs cannot all
be fulfilled, no matter how the three decision variables are chosen. For Case #2 in the right panel, we have two
additional sources to address consumption, but these are fixed, not decision variables: L(t) (in yellow), which is
subject to income taxes and therefore affects the marginal tax rate of TDA spending, and U (t) (in dark blue),
which has a fixed tax rate that does not affect, nor is affected by, the tax rates determined by the three decision
variables. The TDA is divided between RMDs, which start at age 70 and a half and are represented by the parts of
the light blue bars with vertical line segments within them, and voluntary TDA consumption, which is represented
by the parts of the light blue bars without vertical line segments. The horizontal lines on the graph represent tax
bracket thresholds in real dollars. The solid horizontal line represents Hheir , which corresponds to the effective
marginal tax bracket for the heir.

There are two sources of money subject to income tax, L(t) and the TDA, and we put
them — again, in after-tax dollars — at the bottom of the bars, so that their income tax rate
is clear. Because L(t) involves known/projected sources of money for consumption, we put
it at the very bottom. Because TDA consumption is a decision variable, we ideally choose
to spend it in the lower tax brackets, following guiding principle #1. Geometrically, this
can be accomplished by thinking of L(t) as a fixed sandy shore at the bottom of the graph
and the TDA as calm water on top of it. This approach is used in Step 1.1. Often, there
are other approaches using the TDA that also minimize income taxes, leading to the same
value of Wtotal (tdeath ). These other approaches can have advantages, which we will exploit,
for example, in Step 1.2. We also note that vertical line segments are placed within the TDA
spending to indicate RMDs from the TDA. We refer to TDA spending that is not a part of
RMDs, and therefore does not have vertical line segments, as “voluntary TDA spending.”
Consumption from the final two sources of money, Roth and taxable stock/dividends,
is represented in the graph above the sand/water geometry of the L(t)/TDA system and
below U (t). Because there are times, as in Step 2.5 and Step 3.2, when we treat taxable
stock/dividend spending as if it were part of U (t), we place taxable stock/dividend spending
above Roth spending when they occur in the same year.
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After our initial application of U (t) to the top of the bars and L(t) to the bottom of
the bars, we determine our optimal, or near-optimal, strategy for the three time-dependent
decision variables (the TDA, Roth, and taxable stock/dividends) in four stages:
Stage 1: Determining an exact (not approximate) optimal strategy for applying just the
TDA and Roth money, under the temporary assumption that there are no RMDs from
the TDA.
Stage 2: Determining a (potentially approximate) optimal strategy for adding in the use of
taxable stock without dividends.
Stage 3: Determining a (potentially approximate) optimal strategy for the use of taxable
stock with dividends.
Stage 4: Incorporating RMDs from the TDA into a (potentially approximate) optimal strategy.
Working through these stages in this order helps to minimize the suboptimal effects that
our approximations can make. These stages will use the following desirability factors to help
prioritize consumption spending.

5.2 Desirability factors for consuming from the TDA, Roth
account, taxable account, and dividends
We next define the desirability, D̃, of spending from each of the four groups of money (TDA,
Roth, taxable stock, and dividends) in a given year t to satisfy consumption. For a chosen one
of these four groups at time t, D̃ is the after-tax amount that can be applied to consumption
at time t or, if it is left to the heir, it will have the value of one inherited Roth dollar. For
example,


1 − τmarg
1
1
1
D̃TDA = (1 − τmarg ) ×
=
×
,
(t
−t)
(t
1 − τheir
1 − τheir (1 + µ) death −t)
(1 + µ) death
since 1 − τmarg equals the dollars that can be applied to consumption needs at time t for each
1
TDA dollar at time t,
(t
−t) equals the value in TDA dollars at time t corresponding
(1+µ) death

to the value of a TDA dollar at time tdeath , and 1−τ1
equals the value in TDA dollars at
heir
time tdeath corresponding to the value of one inherited Roth dollar to the heir. Similarly, for
the Roth, taxable stock, and dividends,
D̃Roth = 1 ×

1
(1 +

µ)(tdeath −t)

×1=

D̃tax = (1 − τgains (1 − ωtjmax )) ×

1
(1 +

µ)(tdeath −t)

1
1
×
(t
−t)
a
[(1 + µ)(1 − τdiv d)] death

1 − τgains (1 − ωtjmax )
a[(1 + µ)(1 − τdiv d)](tdeath −t)
1
1
1
= 1×
× =
,
(t
−t)
a
death
[(1 + µ)(1 − τdiv d)]
a[(1 + µ)(1 − τdiv d)](tdeath −t)
=

D̃div

where jmax , by its nature, corresponds to the lot of taxable stock with the highest available
cost basis fraction ωt . We note that the factor (1 − τdiv d)(tdeath −t) in the denominator of D̃tax

12

and D̃div represents the fact that each year taxable stock loses (1 − τdiv d) of its worth due
to taxation on dividends.
Our goal is to fill the retiree’s consumption needs in any given year using money with
the highest desirability, while taking into account the fact that the amount of money in
each of the four groups is often limited. Since we only use these desirability factors for
comparisons among these four groups, we can remove the common factor (1+µ)(t1death −t) from
the expressions for all four D̃ above and instead compare the resulting four adjusted D
desirabilities:
1 − τmarg
1 − τheir
= 1
1 − τgains (1 − ωtjmax )
=
a(1 − τdiv d)(tdeath −t)
1
=
.
a(1 − τdiv d)(tdeath −t)

DTDA =
DRoth
Dtax
Ddiv

5.3

Our algorithm in four stages

Stage 1: An exact optimal strategy for using just the TDA and Roth money
In this stage, after applying L(t) and U (t), we look to optimally satisfy consumption
using just the TDA and Roth accounts. That is, for the moment, we ignore the fact that
we have a taxable stock account and its resulting dividends, and we ignore RMDs from the
TDA. Unlike the later stages, we determine an exact, not approximate, optimal solution in
this stage. A graphical example of the two steps in this stage can be found in Figure 2.
To start, we prioritize using the TDA for consumption when DTDA ≥ DRoth and using
the Roth when DTDA < DRoth .5 This means using the TDA in tax brackets whose tax rate
is below or equal to τheir and the Roth in tax brackets above τheir . When this is not possible
because the TDA or the Roth is exhausted, we still keep the TDA in the lowest tax brackets
possible by treating it, geometrically, like water. This process is made explicit in Step 1.1.
We note that this step follows DiLellio and Ostrov (2017), which also contains numerous
examples that graphically demonstrate how the process in Step 1.1 evolves.
Step 1.1: We fill the bar graph system with TDA “liquid” as long as τmarg ≤ τheir . Recall
that Hheir is the specific height on the consumption bar graph for which τmarg ≤ τheir
below Hheir and τmarg > τheir above Hheir . More specifically, we fill the bars until the
TDA account is exhausted or the level of the liquid in the unfilled bars is at Hheir . (Note
that the liquid may completely fill a shorter bar, in which case any additional liquid
then goes strictly to filling the taller bars with further consumption needs.) If all the
bars in the graph are completely filled with TDA money after this step, then proceed
to Stage 2. Otherwise, there is at least one unfilled bar, in which case we proceed to
the next paragraph.
We use Roth money to fill the bars as a light gas would fill them, rising to the top of
the bars. If all the bars are full from this, proceed to Step 1.2. Otherwise, the Roth
5

When DTDA = DRoth , it doesn’t matter if we prioritize TDA or Roth money in this stage. The only reason
we prioritize consuming TDA money in this case is because it better positions the algorithm to satisfy RMDs in
Stage 4.
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Figure 2: Case #3. Left panel: Step 1.1 produces an optimal strategy for the TDA (in light blue) and the
Roth (in green). The unmet consumption needs are in red. The 12% tax bracket lies between the solid and dashed
horizontal lines, which we refer to as the “transition tax bracket” because it contains the horizontal line representing
the surface of the TDA money. Right panel: In preparation for using taxable stock money in Stage 2, we move the
unmet consumption to as early as possible in the transition tax bracket and the brackets above it. Then, within
the transition tax bracket, we move the TDA money to earlier than the Roth money, because, being above Hheir ,
it is less desirable for consumption than the Roth. This is also an optimal strategy, as confirmed by the fact that
Wtotal is unchanged by Step 1.2.

money was exhausted before all the bars could be filled, as is the case in the left panel
of Figure 2. In this case we have that the bottom of the Roth “gas” is at the same level
in every bar that contains any Roth “gas,” and we proceed to the next paragraph.
We continue to fill the bars with TDA “liquid” until they are all full or all the TDA
money is exhausted. If we exhaust the TDA money, we hope to address the remaining
unmet consumption needs with taxable stock and dividends in the next two stages.
Step 1.1 produces an optimal solution. But, by guiding principle #1, if the horizontal
line corresponding to the surface of the TDA water does not lie on the interface of two tax
brackets, then there is an infinite set of other optimal solutions. Specifically, defining the
tax bracket in which the horizontal line lies to be the “transition tax bracket,” an optimal
solution is formed by any case where (a) the upper bounds of TDA spending that are present
in the bars stay within the transition tax bracket, even if these upper bounds are different in
different bars, creating an uneven surface, and (b) the solution contains “the same amount
of water and the same amount of gas,” meaning that both WTDA (tdeath ) and WRoth (tdeath )
are unchanged. Note that if we form an alternative optimal solution by shifting the TDA
spending in the transition tax bracket to later years, maintaining “the same amount of water”
means the TDA takes up more area in the consumption bar graph because it has more time
to grow. Further, if there are no unmet consumption needs in the optimal solutions, then
the Roth will have had to have shifted to earlier years in the transition tax bracket, and,
by guiding principle #1, maintaining “the same amount of gas” means that the area in the
consumption bar graph taken by the Roth will shrink exactly as much as the TDA’s area
grew.
In Step 1.2, we find the optimal solution in which we have shifted any unmet consumption
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needs to as early as possible as a first priority, followed by shifting the least desirable TDA
or Roth spending in the transition tax bracket to as early as possible as a second priority.
This helps set up Stage 2, where we want to use taxable stock as early as possible so as to
follow guiding principle #2. We note that guiding principle #2 corresponds to the property
that Dtax decreases over time, unlike DTDA and DRoth , which remain constant over time.
Step 1.2: We first choose the optimal solution in which the TDA consumption is shifted to
later years as much as possible in the transition tax bracket. If there is any unfulfilled
consumption, we then move all the Roth gas to as late as is possible without it displacing
any of the TDA, L(t), or U (t) consumption. Finally, if τmarg of the transition tax bracket
is above τheir , then, temporarily treating the unmet consumption needs as part of U (t),
we then choose the optimal solution in which the TDA is shifted to earlier years as
much as possible in the transition tax bracket, noting that it cannot be shifted into the
unmet consumption, since the unmet consumption is being treated as part of U (t). An
example of this is shown in the right panel of Figure 2.
Stage 2: Incorporating taxable stock
In this step, we assume that no dividends are generated. That is, we set d = 0. At first we
apply a straightforward philosophy: we first use taxable stock to fill any unmet consumption
needs in Step 2.1, and then, in Step 2.2, we use our previously determined desirability factors
to have taxable stock replace the least desirable TDA or Roth consumption until the taxable
stock runs out or becomes less desirable than all the remaining TDA and Roth consumption.
These major steps can create some smaller, subtle problems that are then addressed by Steps
2.3, 2.4, and 2.5. Figure 3 shows the effects of Steps 2.1, 2.2, 2.4, and 2.5 on Case #3, which
was used in Figure 2 in Stage 1. Since our computed examples, unlike our algorithm, only
work with a single lot of taxable stock bought before t = 0, Step 2.3, which applies to multiple
lots, is not shown in Figure 3.
Step 2.1: Use taxable stock to fill the retiree’s unmet consumption needs, working in chronological order and following the lot order specified in guiding principle #3, so as to
minimize the effects of capital gains taxes. If all consumption is not fulfilled after this
step, the retiree does not have sufficient funds to be able to satisfy their projected
consumption needs, and we stop our algorithm.
Step 2.2: Using lot jmax stock, make a list that contains the values of the ratio
rTDA =

DTDA
Dtax

for each year and each tax bracket in which there is currently TDA consumption. To
that list, add the values of the ratio
rRoth =

DRoth
Dtax

for each year in which there is currently Roth consumption.6 Order this list from lowest
to highest, which is the order from the best case to the worst case for replacement with
taxable stock. Remove from this list any ratios that are greater than 1, since it is better
not to use taxable stock in these cases.
6

Note that for computing rTDA and rRoth , the value of d in Dtax is its actual value, so that a correct comparison
can be made. That is, d is not set equal to zero when computing Dtax .
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Figure 3: Case #3 continued. Upper left panel: Step 2.1 fills previously unmet consumption with taxable stock.
This replaces the red of unmet consumption in the right panel of Figure 2 with the magenta that represents taxable
stock (including dividends). Upper right panel: Step 2.2 replaces the least desirable TDA and Roth money with
taxable stock money, if using taxable stock money is better. In this case, taxable stock money replaces all the
TDA money above Hheir in years 4 and 5 and below Hheir in year 1. Then in year 2, some TDA money below
Hheir is replaced by the remainder of the taxable stock money, and since the taxable stock is exhausted, we have
that WTS (tdeath ) = 0. Lower left panel: For Step 2.4, after freezing the TDA spending, we move the taxable stock
spending to as early as possible, meaning we move the Roth spending to as late as possible. (Note the disappearance
of the Roth spending from year 4.) This follows guiding principle #2. Lower right panel: For Step 2.5, after now
freezing the taxable stock spending, we reapply Step 1.1, which has some minor beneficial value not visible at the
dollar level in this case. Overall, we note that Wtotal increases in each of these four steps.

As long as we continue to have lot jmax stock, we use it to replace either the TDA or
the Roth consumption corresponding to the lowest ratio value currently in this list. So,
if the lowest value corresponds to TDA consumption in year t = 5, it will be for the
TDA spending in the highest used tax bracket at t = 5. Assuming, for example, there
is currently $3000 of after-tax TDA consumption in this bracket, we replace this TDA
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consumption by instead selling enough lot jmax stock in year t = 5 to produce $3000
after capital gains taxes.
If lot jmax stock becomes exhausted, lot jmax − 1, which has the next highest value of
ω, becomes lot jmax . Since the value of ω has likely decreased instead of staying the
same, we must recompute all the rTDA and rRoth ratios, which are all guaranteed to be
higher than before if ω decreased. Again, we toss out any ratios that are now greater
than one from the list, and continue this iterative process until the list becomes empty
or we run out of taxable stock.
Often this process will correspond to either 1) taxable stock first replacing the earliest
Roth spending, and then replacing additional Roth spending in chronological order or
2) taxable stock replacing the earliest TDA spending at the highest tax bracket in which
TDA money is spent, and then replacing additional TDA spending in this bracket in
chronological order. This is because the effect of time on Dtax is, in general, smaller
than the effect of jumping tax brackets or jumping from the TDA to the Roth or the
Roth to the TDA. There are, however, many exceptions to this, especially for jumping
between two tax brackets with similar rates such as the 10% and 12% brackets or the
22% and 24% brackets.
Step 2.3: Step 2.2 replaces Roth or TDA consumption with taxable stock consumption in
the order of the strength of the case for replacement. This order may not be chronological, which, by guiding principle #3, is not optimal. We therefore take all the yearly
taxable stock spending suggested by Step 2.2, and refill it in chronological order with
taxable stock, using guiding principle #3. Because this uses the optimal lot order, there
may be a case to replace further Roth or TDA spending with taxable stock spending.
To address this possibility, we repeat Step 2.2.
Repeating Step 2.2 may create a new problem with the same nature as before, although
if this happens, the problem will be on a smaller scale. We therefore repeat this step
until the process it describes has no effect on Wtotal (tdeath ), and then we are ready to
move on to Step 2.4.
Step 2.4: Similar to part of Step 1.2, we now move the Roth consumption to later and
the taxable stock consumption to earlier in accordance with guiding principle #2.7 To
accomplish this, we first freeze each year’s TDA consumption. We then satisfy the
consumption needs that were previously addressed by Roth and taxable stock at the
end of Step 2.3 by filling consumption needs in the following manner:
• If, at the end of Step 2.3, the taxable stock money was exhausted, then we fill what
was met with Roth and taxable stock consumption by first applying taxable stock
in chronological order following guiding principle #3. Once we exhaust the taxable
stock, as will very likely still happen, we fill the remaining years’ needs with Roth
money. An example of this process appears in the lower left panel of Figure 3.
• If, at the end of Step 2.3, the taxable stock money was not exhausted, we fill what
was met with Roth and taxable stock consumption at the end of Step 2.3 using
Roth money in reverse chronological order (i.e., starting at year t = tdeath and then
moving backwards in time, year by year) until either the Roth money is exhausted
or we fill the consumption needs in the earliest time that Roth money was used at
the end of Step 2.3. We then fill the early remaining years’ consumption needs using
7

This step is actually unnecessary if, just after Step 2.1, τmarg for the TDA in every year was at or below τheir ,
since, in this case, the Roth consumption will already be later than the taxable stock consumption after Step 2.3.
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taxable stock, working in forward chronological order following guiding principle
#3.
In the few cases where this step is not exactly optimal, it will be quite close, because
the optimal switchover time from taxable stock to the Roth will be off by, at most,
a year. Fortunately, the desirability of the Roth and the taxable stock will be almost
equal at this switchover time, causing almost no difference to the heir.
Step 2.5: The use of taxable stock money for consumption in this stage may have freed
either new Roth money or new TDA money that had previously been exhausted at the
end of Stage 1. It will often be the case that this newly freed Roth money or TDA
money is best used to replace the other. This is easily accomplished: We temporarily
freeze our taxable stock spending by, for this step, treating it as part of U (t). We
then throw out all of our current yearly TDA and Roth spending, and redo Stage 1 to
determine our new optimal yearly TDA and Roth spending. An example of the result
of this process appears in the lower right panel of Figure 3.
Of course, the end result of this process may not be exact, because the new TDA and
Roth spending may suggest slightly different optimal taxable stock consumption. If
this is a concern, Stage 2 can be rerun as many times as desired, before moving on to
addressing dividends in Stage 3. In our experience, rerunning Stage 2 is not worthwhile,
as it has almost no effect on Wtotal (tdeath ).
Stage 3: Incorporating dividends
From a taxation point of view, dividends are essentially a forced sale of taxable stock
gains if τdiv = τgains . Reinvesting dividends is actually a new purchase of taxable stock. This
distinguishes dividends from taxable stock in our algorithm: we assume no new taxable stock
is purchased by the retiree once t > 0, except, if desired, through dividend reinvestment.
Since we set the dividend rate, d, to zero in Stage 2, we now reset d back to its actual
value. Our process in this stage determines whether or not to apply the dividends to consumption needs in each year by working in chronological order, which simplifies the process
considerably. This generally conforms to the optimal strategy, but there are some cases where
it may make our strategy slightly suboptimal.
In Figure 4 we show the effects of this stage on a new case, Case #4, whose inputs,
as with all of our cases, are available in Appendix 4. Because dividends, from a taxation
perspective, are a forced sale on gains, their inclusion reduces the worth of the portfolio to
the heir. Step 3.1 suggests when it is better to apply dividends to consumption needs, helping
to reduce this negative effect. If, after Step 3.1, there is no taxable stock left to the heir,
Step 3.1 may have created some new unmet consumption needs, corresponding to a new red
sliver on the bar graph in the year the taxable stock is drained. Generally, this red sliver of
unmet consumption is small. Step 3.2 addresses this new unmet consumption, except in the
unusual case where there is no TDA or Roth money left to address this sliver, in which case
the algorithm must stop, since we cannot address the retiree’s consumption needs.
Step 3.1: Starting with year 1: Following guiding principle #3, we first use dividends in
place of any taxable stock consumption specified at the end of Stage 2. If, after using
all the dividends, there are remaining taxable stock consumption needs, we fill these
needs by following guiding principle #3. If there were no taxable stock consumption
needs or all the taxable stock consumption needs are filled by the dividends, we use
the remaining dividends to replace the group of money corresponding to the smaller of
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Figure 4: Case #4. Left panel: The bar graph here is the same as when Step 2.5 was completed. However,
the new inclusion of a 3% dividend rate decreases Wtotal at tdeath from $667,908 after Step 2.5 to $649,231. This
decrease, which is strictly through WTS , happens because taxes must immediately be paid on the dividends that,
starting in year t = 19, are reinvested. Right panel: Following guiding principle #4, Step 3.1 applies the dividends
to consumption needs instead of reinvesting them. Indeed, all the magenta in the bars where t ≥ 19 represent
dividend spending, as opposed to other taxable stock spending. This superior strategy increases Wtotal to $653,875.
Step 3.2 has no effect on this example because WTS > 0.

DTDA (if DTDA < Ddiv ) or DRoth , and we repeat this until we either run out of dividends
or (1) there is no more Roth spending and (2) the value of DTDA that corresponds to
the marginal tax bracket of any remaining TDA spending is greater than Ddiv . This
process incorporates the fact from guiding principle #4 that it is always preferable to
use dividends in place of Roth money to satisfy consumption. We then repeat this
process for successive years, working chronologically until year t = tdeath is finished or
we run out of stock.
In any year where we do not run out of taxable stock, the amount of aftertax consumption addressed by the taxable stock and dividends in this step will be usually be equal
to the amount of aftertax consumption that was addressed by taxable stock at the end
of Stage 2, and when it’s not equal, it will be more than before. Therefore, because
dividends have tax disadvantages, if we run out of taxable stock and dividends at some
point in this step, it will be earlier than when we ran out of taxable stock in Stage 2,
thereby creating new unmet consumption needs that Step 3.2 works to address using
TDA and Roth account money.
Approximations are made in this step that can make our strategy slightly suboptimal.
By having taxable stock only be able to run out in its final years, we are assuming
that the most desirable place to replace taxable stock consumption with TDA or Roth
consumption is in these final years, which is usually, although not always, the case. Also,
in unusual circumstances, it may be better for the retiree to hold off using dividends
for a few years, so that they can be applied in later years. Because our algorithm works
in chronological order, these opportunities will be missed. But even in the cases where
these issues occur, the fact that dividends are small means that the effect of these issues
on the retiree will also be small.
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Step 3.2: To fill any new consumption needs created by Step 3.1, we essentially repeat Step
2.5. That is, we freeze our computed yearly dividend and taxable stock spending, but
throw out all our computed yearly TDA and Roth spending. The dividend and taxable
stock spending now temporarily become part of U (t), and to determine our final yearly
TDA and Roth spending, we redo Stage 1, except that we skip Step 1.2, since we no
longer need to make room for new taxable stock spending.8 If desired, we can use a
modified Step 1.2 that moves all the TDA spending in the transition tax bracket to
earlier years in order to minimize RMDs, although in our presentation of Stage 4, we
will not assume that this has been done.
Stage 4: Incorporating Required Minimum Distributions (RMDs) generated by
the TDA
Following guiding principle #5, the retiree should take all RMDs generated by their
TDA. In this stage, we alter our algorithm to incorporate RMDs. For clarity, we partition
each year’s TDA spending into RMDs and “voluntary TDA spending,” which is any TDA
spending that is in addition to RMDs. Figure 5 shows the effect of the steps in this stage on
a new case.
Step 4.1: We check if the TDA consumption results from Stage 3 satisfy RMDs in every
year. If they do, we keep the results from Stage 3 and are done with Stage 4. If they do
not, we toss out all the results from Stage 3, determine each year’s RMDs when there is
no voluntary TDA spending, and then temporarily incorporate those after-tax RMDs
into L(t).
Step 4.2: We rerun stages 1–3 with the new, temporary version of L(t). If the results contain
no voluntary TDA spending in any year, we 1) restore L(t) to its original values, 2)
set TDA spending equal to the RMDs in each year, and 3) move directly to Step 4.4,
skipping Step 4.3.
Step 4.3: The new voluntary TDA spending that must be present to reach this step may
cause some or all of the RMDs to shrink. Moving in chronological order, we leave the
total level of TDA spending frozen in any year that contains voluntary spending while,
in any year that contains no voluntary TDA spending, we reduce the level of TDA
spending to the newly recalculated RMDs. We then incorporate the new level of TDA
spending in every year into a new, temporary L(t).
The reduction in RMDs frees new TDA money that goes to the heir. But that money
may be better used as voluntary TDA spending, so we loop back to Step 4.2 and repeat
this cycle. With each loop, the resulting “water surface level” of the TDA will rise (or
stay the same), the height of the RMD “islands” that rise above this water surface level
will decrease (or stay the same), and Wtotal (tdeath ) will increase (or stay the same). We
stop looping when Wtotal (tdeath ) stops increasing.
Once Wtotal (tdeath ) stops increasing, we set the after-tax TDA spending in each year
t to equal the temporary value of L(t) minus the original value of L(t) and then we
restore L(t) back to its original value. An example of this iterative process attaining a
steady state is shown in the two lower panels of Figure 5.
8

We note that there may be some cases where the disadvantages of dividends may lead to the retiree no longer
being able to satisfy all their consumption needs after this step, even though they were able to in Step 2.1 when
none of the stock’s return was given in dividends. In this case, the algorithm stops since we are unable to fulfill
the retiree’s consumption needs.
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Figure 5: Case #5. We note that all the consumption is below Hheir , making spending TDA money a priority.
Also, no taxable stock other than the dividends are used for consumption. Upper left panel: The colors represent
the results from Stage 3, but the vertical segments representing TDA RMDs for this case are not contained in the
light blue TDA spending in years 20 to 30, so RMDs are not yet satisfied. Upper right panel: The RMD vertical
segments correspond to no voluntary TDA spending, but we still have additional TDA money, which we then apply.
Lower left panel: The application of this additional, voluntary TDA spending reduces the RMDs. The fact that
RMDs have been reduced, frees more voluntary TDA money, leading to iterations of Step 4.3 where the surface of
the voluntary TDA spending increases and the RMDs decrease. Lower right panel: The surface has risen so much
that all the TDA spending reaches the 24% tax bracket. By guiding principle #1, this strategy is as good as the
strategy used in the upper left panel, which is confirmed by their identical Wtotal values, so our algorithm ends.
Step 4.4 is unnecessary in this case.

Step 4.4: Finally, we consider the possibility that additional earlier voluntary TDA spending may be advantageous if it reduces later RMDs that currently force the retiree into
a larger tax bracket.
We start by defining T to be the last time in the results from Step 4.3 at which the
RMDs reach their highest attained marginal tax rate. We define the “T tax bracket”
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to be the tax bracket with this highest attained marginal tax rate. Finally, we define
“taxable income spending” in year t to mean after-tax TDA +L(t) spending in year t
in the results from Step 4.3.
We can skip the rest of this step and are done unless the RMDs are severe enough that,
after Step 4.3, there is no voluntary TDA spending in the T tax bracket at any time
t. Since this condition is not met for Case #5 in Figure 5, we skip this step and are
done. Further, this condition is not met, and so we skip this step and are done, if the
taxable income spending always stays within the same tax bracket, including possibly
touching the top, though not the bottom, of the bracket. When this condition is met,
the following algorithm usually works for most common cases, such as when the taxable
income spending either strictly increases or it increases and then decreases:
First, we consider the subset of years before time T that correspond to the lowest tax
bracket that is unfilled by taxable income spending. We fill this tax bracket by working
in reverse chronological order within this subset of years by first tapping TDA money
from the heir and then, once WTDA = 0, tapping in chronological order the voluntary
TDA money from the highest tax bracket containing voluntary TDA spending after
time T .
Each time we move TDA consumption money to a year that is earlier than T , it reduces
RMDs, so we compute a new, temporary L(t) just as we did in Step 4.3, and then we
run Steps 4.2 and 4.3 to see if Wtotal (tdeath ) is increased by this move of TDA money.
If it is not increased, we return to the situation before the move and are done with
the algorithm. If it is increased, we go back to the beginning of this step and repeat
it, which may happen many times. Should the lowest tax bracket that was originally
unfilled by the taxable income spending now become completely filled, we move to filling
the next lowest tax bracket from the times before T , again in reverse chronological order,
understanding that there may be more of these years to fill than there had been for the
previous, lower tax bracket. Similarly, if we run out of voluntary TDA money in the
tax bracket we were tapping from times greater than T , we move to tapping voluntary
TDA money from times greater than T in the tax bracket below that, understanding
that there may be fewer of these years to tap than were available for the previous,
higher tax bracket.
On rare occasions, this step’s order of replacement is slightly suboptimal due to its
assumption that changing tax brackets has a bigger effect than changing time has on
the moved taxable stock. Further, in more complicated, uncommon cases, such as
where the taxable income spending oscillates over time due to an oscillating L(t) for
example, this step may more easily lead to a suboptimal order of replacement. In these
uncommon cases, the principles behind moving consumption presented in this step can
still be applied, although the resulting algorithm to address these cases will need to be
more complicated.
We note that since RMDs often force TDA expenditure where it would otherwise not be
optimal, RMDs may create new unmet consumption needs that Stage 4 cannot be address.
Should this occur, the algorithm stops, since the retiree’s consumption needs cannot be met.

6

Optimizing portfolio longevity

As noted in the introduction, determining a retiree’s optimal portfolio longevity is a subset
of the problem of determining how a retiree can optimize their bequest to an heir. This is
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because we can simply run our algorithm repeatedly with progressively larger values of tdeath
if Wtotal (tdeath ) > 0 and progressively smaller values of tdeath if the retiree has consumption
needs that cannot be met. A fraction, α, of the final year can be accommodated by multiplying the last year’s annual consumption needs of the retiree by α. Once we have converged to
the value of t = tlongevity where Wtotal (tlongevity ) = 0, we have the optimal portfolio longevity
for our algorithm. An example of this procedure is given in Figure 6.

Figure 6: Obtaining the optimal portfolio longevity for Case #6. Upper left panel: Running our algorithm with
tdeath = 10 leads to Wtotal > 0, a positive bequest to the heir, so we increase tdeath . Upper right panel: Running
our algorithm with tdeath = 13 leads to unmet consumption (in red), so we must decrease tdeath . Lower center
panel: Continuing in this fashion, we converge on the optimal portfolio longevity of 11.35 years. We note that
α = 0.35 in this case, meaning that the consumption needs in the final year are reduced to 35% of their normal
value.

We note that the values of τheir and a are irrelevant to portfolio longevity since there
is no bequest to the heir. Therefore, any values for these parameters can be selected when
running the algorithm; they will have no effect on the portfolio longevity, tlongevity , that is
determined.
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7 Conversions of the TDA to a Roth or to a taxable
stock account
Our model for the algorithm presented in Subsection 5.3, by assumption, does not accommodate conversions among the TDA, Roth account, and taxable stock account. Here, we
consider the opportunities that can be opened by removing that assumption. Since the Roth
is tax-free, it is never desirable to convert from the Roth account to the TDA or taxable
stock account. As was discussed in Section 2, after RMDs begin, the retiree is prohibited
from draining a taxable stock account to make TDA contributions. Also, if they have no
earned income, they cannot drain the taxable stock account to make Roth contributions.
This leaves possible conversions from the TDA account. Conversions of TDA RMDs
must be to taxable accounts, because IRS rules prohibit conversions of these RMDs to Roth
accounts. Voluntary TDA money, however, may be converted to Roth accounts (see Cook,
Meyer, and Reichenstein (2015)). In this section, we first consider conversions when TDA
RMDs cause us to exceed our consumption needs, C(t). Then we consider two ways where
conversion of voluntary TDA money to Roth accounts is useful. In all cases, our approaches
in this section are only approximately optimal.

7.1

Converting excess TDA RMDs to taxable stock

TDA RMDs that cause the TDA +L(t) + U (t) to exceed C(t) must be used to buy taxable
stock, since it cannot be converted to a Roth account. To accommodate this conversion
of RMDs to taxable stock, in Stage 4 of Section 5.3, as we move chronologically through
determining RMDs, if we hit a year where the TDA RMDs go above C(t), we purchase
taxable stock in that year with the after-tax excess RMDs. This newly purchased taxable
stock is combined with the after-tax dividends from that year. We then freeze the strategy
up to that year and rerun our algorithm on the later years. This process is repeated for each
subsequent year where the TDA RMDs cause consumption to exceed C(t), until we reach
tdeath .

7.2 Converting voluntary TDA money to a Roth account via
overconsumption
It may be the case that we stop using voluntary TDA money in some years because consumption needs are satisfied, but in later years TDA money is consumed in a higher tax bracket.
In this case TDA to Roth conversions in these earlier years are advantageous, as they either
replace the later high tax bracket TDA spending with Roth spending or they provide more
desirable Roth money to the heir.
More specifically, we consider the marginal tax bracket of additional TDA spending in
every year, and then consider the earliest of the years that correspond to the lowest of these
marginal tax brackets. We then see if there is voluntary TDA spending in a later year at a
tax bracket that is higher than this lowest marginal tax bracket. If there is not, we remove
considering conversions in this year from all future iterations, and we iterate this process
again. If there is, we consume TDA money in this earliest, lowest tax bracket year until it
fills its tax bracket, and then we convert this additional TDA money to Roth money. This
brings the TDA +L(t) consumption in this year to the top of its marginal tax bracket, so, in
subsequent iterations, the next higher tax bracket will be associated with this year. We then
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freeze the strategy up to this (previously) lowest consumption year, rerun our algorithm on
all later years, and repeat this process until all years have been removed from consideration.
After this process terminates, we consider the method in the next subsection, which details
a second way by which converting voluntary TDA money to Roth money can be useful.

7.3 Using taxable stock for consumption in place of the TDA,
which is then converted to a Roth
Cook, Meyer, and Reichenstein (2015) point out that voluntary TDA to Roth conversions
can be helpful to investors who are intending to use voluntary TDA money to address consumption needs in a sufficiently early year. In these years, they point out that the investor
is generally better off using taxable stock to fill the consumption needs that were previously
slated to be addressed by the voluntary TDA money and then converting all the previously
slated voluntary TDA money to Roth money. This maneuver enables earlier spending of the
taxable stock, which, by guiding principle #2, is always advantageous. Since this is advantageous, there will always be enough Roth money generated by the conversion to address any
later gaps in addressing consumption that may occur due to running out of taxable stock.
Our algorithm can be modified to incorporate the advantages of these conversions. We
begin by running our algorithm from Subsection 5.3, followed by the modifications in Subsections 7.1 and 7.2. After running Subsection 7.2 we take note of the value of WTS (tdeath ).
Because we do not want to diminish the beneficial effect to the heir of capital gains taxes
being forgiven when the retiree dies, we will not let the value of WTS (tdeath ) be reduced by
our process in this subsection.
Next we freeze the taxable stock and dividend consumption by temporarily treating it
as part of U (t), and then we shift the TDA spending in the transition tax bracket as far as
possible to earlier years, while still satisfying RMDs. This move has the potentially beneficial
effect of increasing the amount of early voluntary TDA money, enabling the conversion
maneuver to be more effective.
Starting at t = 1, and then moving in chronological order, we apply the Cook, Meyer, and
Reichenstein conversion maneuver to any voluntary TDA spending. After each year where
this maneuver is applied, we freeze all spending in this year and the previous years, and reapply Subsection 5.3 and Subsection 7.1 and 7.2 to the remaining years with the newly altered
worths of the Roth and taxable stock accounts. At first, we run this allowing dividends, but
no taxable stock, to be spent in these remaining years, and we see if WTS (tdeath ) has dipped
below its original value. If it has, we reduce the amount the maneuver was applied in this
year until WTS (tdeath ) again attains its original value, and once this is the case, we are done.
If it has not, we again reapply Subsection 5.3 and Subsection 7.1 and 7.2 to the remaining
years, but this time we allow both dividends and taxable stock to be spent in these remaining
years, and, once this is done, we proceed to the next year to see if there is any voluntary
taxable stock on which to perform the Cook, Meyer, and Reichenstein conversion maneuver
or, if the current year is tdeath , we are done.

8

Results

We discuss computed results from our algorithm for a variety of cases, where each case’s
parameter values can be found in Appendix 4. In all of our cases, we have employed the
IRS tax brackets for a single filer from 2016, which are also given in Appendix 4, although
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our program can also easily accommodate changes to the thresholds, rates, and number of
tax brackets, should Congress change any of these. For the sake of simplicity, our computer
program, as opposed to our algorithm, does not consider situations that involve more than
a single lot of taxable stock purchased prior to t = 1, situations that involve RMDs that are
so severe that Step 4.4 is triggered, or the use of conversions as discussed in Section 7. The
MATLAB R2017a computer program for our algorithm typically ran in under 4 seconds on
an iMac with a 4 GHz Intel Core i7 processor and 16 GB of 1867 MHz DDR3 memory.

8.1

Examples of our algorithm results

The three computed examples in Figure 7 demonstrate some of the wide range of behavior
that our algorithm captures. The two upper panels of Figure 7 are the final products of the
algorithm for Case #3 and Case #4, whose intermediate steps were presented in Subsection
5.3.

Figure 7: Algorithm results. Upper left panel: Case #3. Upper right panel: Case #4. Lower panel: Case #7.
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For Case #3 in the upper left panel of Figure 7, we see that the solid horizontal line for
Hheir is at the top of the lowest tax bracket, which is the 10% bracket, because τheir = 11%
here, which is less than 12%, the rate for the second bracket. Ideally the TDA would only
fill the area below Hheir and nothing above, but RMDs require that more be filled, following
guiding principle #5. After that, it is hoped that the Roth and taxable stock accounts
can fill the remainder. The optimal strategy requires the taxable stock to be consumed as
early as possible, following guiding principle #2. In this case, we fill to the point where the
taxable stock is exhausted, causing WTS (tdeath ) = 0, then we fill with the Roth. The Roth
also becomes exhausted, causing WRoth (tdeath ) = 0, so the remainder of the consumption
needs must be filled with “voluntary” TDA money. We note that the taxable stock fills
all consumption needs that lie in the third tax bracket, which is the 22% bracket, which is
optimal since TDA spending in this bracket would be highly taxed. However, by guiding
principle #1, the method in which the TDA and the Roth fill the 12% tax bracket, which
is the transition tax bracket in this case, does not matter, as long as the Roth is exhausted
and all consumption needs are satisfied, as is the case here.
For Case #4 in the upper right panel of Figure 7, we have known, fixed sources that
create L(t) and U (t) at the bottom and the top, respectively, of the consumption bars. In
this case, WTDA (tdeath ), WRoth (tdeath ), and WTS (tdeath ) are all non-zero, so the TDA stays
below Hheir and the Roth stays above Hheir . Up through year 18, there is a stronger case to
use taxable stock instead of the Roth. That is, during this period, the forgiveness of capital
gains for taxable stock when the retiree dies is a weaker effect than the erosive effects of
dividend taxes and the inability to shield the heir’s subsequent gains from taxes. Starting in
year 19, the forgiveness of capital gains for taxable stock becomes the stronger factor, making
using the Roth preferable to using taxable stock, so, starting in year 19, only dividends are
consumed from the taxable stock account, as required by guiding principle #4. Similarly,
up through year 8, there is a stronger case to use taxable stock instead of the TDA in the
12% tax bracket, but, starting in year 9, this preference reverses. Note that Appendix 5
contains a table with the specific values for the annual consumption and remaining balances
that correspond to the graph for Case #4 displayed in Figure 7.
From an economic point of view, C(t), L(t), and U (t) generally exhibit exponential growth
or decay. For example, C(t) may need to grow faster than inflation to accommodate increased
medical needs; L(t) may represent part-time work that decreases over time after retiring;
or U (t) may be a tax-free pension that grows with inflation and is therefore constant in
real dollars. But this restriction to exponential models is only for economic reasons. Our
algorithm is capable of handling any functions for C(t), L(t), and U (t) that we wish to model.
Case #7 in the lower panel of Figure 7, for example, employs non-exponential functions for
all three.

8.2 Comparison of our results with the naı̈ve and informed
strategies
In the introduction, we discussed previous strategies non-academics and academics have
employed for drawing down funds in retirement, which Horan called naı̈ve and informed
strategies. In all of these strategies, RMDs from the TDA are first satisfied. In naı̈ve
strategy #1, the retiree then drains the taxable stock account, followed by the TDA, and
finally the Roth. In naı̈ve strategy #2, the retiree then drains the taxable stock account,
followed by the Roth, and finally the TDA. In an informed strategy, the retiree drains the
TDA up to the top of one of the tax brackets, and then fills any excess consumption needs
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by first draining the taxable stock account, followed by the Roth, and finally the TDA if it
has not already been drained. The best informed strategy selects the tax bracket with the
best outcome.
Our algorithm’s approximations for the optimal solution are quite small compared to the
approximations in these other three strategies. Indeed, we have not found a case where either
of the naı̈ve strategies or the best informed strategy are superior to the strategy generated
by our algorithm. This includes every case presented in this paper and the numerous other
cases we have run but not included here for the sake of space.
Case #8, for example, which is shown in Figure 8, was produced by considering an investor
who had a salary of $200,000 and followed two standard rules of thumb for retirement: 1) the
investor saved 10 times their salary before retiring, and 2) the investor planned on initially
spending 70% of their salary during retirement.9 Comparing the four strategies, we find
that the size of the bequest, Wtotal (tdeath ), for our algorithm is highest, followed by the best
informed strategy, naı̈ve strategy #1, and finally, naı̈ve strategy #2.
In Table 1, we find similar results for Case #6 and Case #9, where we compare optimal
portfolio longevity instead of bequest size. Case #6 was previously presented in Figure 6.
Case #9 somewhat resembles the pictures for Case #8 in Figure 8, although it applies to an
individual with a longer time horizon, consumption needs that only reach into the 22% tax
bracket, no RMDs, and no resources other that the TDA, Roth, and taxable stock. For Case
#6, the best informed strategy fills the retiree’s consumption needs with TDA money up to
the top of the 12% bracket. In Case #9, the best informed strategy fills up to the top of the
10% bracket with TDA money.
Table 1: Portfolio longevity for various strategies using 2018 tax brackets and rates

Case #6
Case #9

tlongevity (in years),
naı̈ve strategy #1
11.17
36.18

tlongevity (in years),
naı̈ve strategy #2
11.18
35.75

tlongevity (in years),
best informed strategy
11.26
35.99

tlongevity (in years),
our algorithm’s strategy
11.35
37.23

As emphasized in the heading for Table 1, the calculations throughout this paper employ
the 2018 tax brackets and tax rates passed into law by Congress at the end of 2017. These
brackets and rates are set to revert to the previous 2017 brackets and rates in 2025 if Congress
takes no further action. It is easy to modify our algorithm to employ these 2017 brackets
and rates, which we have done for Table 2. Comparing Table 1 and Table 2 demonstrates
the effect of the 2018 vs. 2017 brackets and rates on portfolio longevity. For Table 2, the best
informed strategy fills up to the top of the 15% bracket in Case #6 and the 10% bracket in
Case #9. As with Table 1, these correspond to the second lowest and the lowest tax brackets.
Table 2: Portfolio longevity for various strategies using 2017 tax brackets and rates

Case #6
Case #9

8.3

tlongevity (in years),
naı̈ve strategy #1
10.93
33.50

tlongevity (in years),
naı̈ve strategy #2
10.94
33.11

tlongevity (in years),
best informed strategy
11.06
33.67

tlongevity (in years),
our algorithm’s strategy
11.12
35.12

Sensitivity analyses for a and d

We first consider the effect of the heir’s discount factor, a, from equation (1) on the optimal
strategy. In the left panel of Figure 9, we have Case #10, where the value of a is 0.89. We
9

See, for example, https://www.fidelity.com/viewpoints/retirement/how-much-money-do-i-need-to
-retire
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Figure 8: Comparison of naı̈ve strategy #1 (upper left panel), naı̈ve strategy #2 (upper right panel), the best
informed strategy (lower left panel), and the strategy generated by our algorithm (lower right panel). We note that
the best informed strategy in this case fills the retiree’s consumption needs with TDA money up to the top of the
fourth tax bracket, which is the 24% bracket.

note that in year 9 we shift from a preference for using taxable stock over Roth money to a
preference for using Roth money over taxable stock. But if a is increased to 0.94, the Roth
is always preferred and so it fills all the area above Hheir , with the exception of dividends
being used in all years. On the other hand, if a is decreased to 0.86, taxable stock is always
preferred, so it fills all of the area above the TDA RMDs.
Given a choice between two stocks with an expected return of 5%, where one stock returns
4 of that 5% as dividends and the other gives no dividends, the heavy majority of retirees and
their advisors will pick the stock that returns dividends for reasons including that dividend
paying firms are often considered to be more stable than non-dividend paying firms. From a
taxation point of view, however, this is a considerable mistake. It is well known for long-term
stock investing that the loss of deferring capital gains taxes due to an intermediate sale and
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Figure 9: Left panel: Case #10 for studying how sensitive the optimal strategy is to changes in the heir’s discount
factor, a. Right panel: Case #11 for studying the corrosive effect of dividends, d.

repurchase of a stock can have a considerable negative impact on the total gains after the
final sale of the stock. Assuming τgains = τdiv , dividends are like a forced intermediate sale,
except that dividends are worse for two reasons: 1) The sale of normal stock is at the cost
basis determined by ω of the lot being sold, but dividends are like a sale on just the gains.
That is, it is a sale on a part of the lot where ω = 0, the worst case. 2) The fact that
dividends then lower ω for the rest of the lot will partially compensate for this if the stock
is later sold by the retiree. But once the retiree stops using taxable stock for consumption,
this lot will not be sold by the retiree. It will go to the heir, where all gains are forgiven and
the fact that ω was lowered for the retiree becomes irrelevant.
Consider, for example, Case #11 shown in the right panel of Figure 9, where the investor
starts with a million dollars in taxable stock, a = 1, and the dividend rate is d = 4%. All
the magenta in the panel represents dividends, which are optimally used for consumption by
general principle #4. If we now change the dividend rate to d = 0, the magenta part will be
replaced by the Roth in green, and the value of Wtotal (tdeath ) will increase from $3,284,021 to
$3,608,910. That is, in this case, if the retiree chooses the stock without dividends for their
taxable account, their heir will receive $324,889 more dollars.

9

Conclusions

Previous strategies for how a United States retiree should allocate their withdrawals in a tax
efficient manner among TDAs, Roth accounts, and taxable stock accounts have not depended
on the amounts in these three accounts, nor on the parameters governing them. In this paper,
we have presented an algorithm that uses these amounts and parameters to develop a strategy
that adapts to the retiree’s specific circumstances. The development of our algorithm reveals
insights into the complex structure governing the trade-offs in using these three accounts to
satisfy retiree consumption needs. This is particularly challenging with the taxable account,
since its tax structure differs significantly from the tax structure of the TDA and the Roth
account.
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Our algorithm starts by using current tax law to create five guiding principles that govern
prioritizing consumption from the three accounts: 1) We prove that if the retiree consumes a
given amount of Roth money and given amounts of TDA money at various marginal tax rates,
the order/allocation in which these are consumed is irrelevant; 2) In contrast, taxable stock
and dividends are better spent earlier rather than spent later; 3) When consuming taxable
stock, the lot with the highest cost basis should always be tapped; 4) Dividends should always
be consumed before Roth money; and 5) Required Minimum Distributions (RMDs) should
always be taken out of any TDA. These five guiding principles help us develop desirability
factors for the three accounts. These desirability factors help us determine the most favorable
annual allocations among the accounts that satisfy the consumption needs of the retiree. Our
algorithm incorporates a number of standard features studied in the research literature, such
as working with RMDs from the TDA account and optimizing portfolio longevity, as well as
a number of less standard features, such as incorporating the effect of dividends, optimizing
a bequest to an heir, allowing for two types of additional fixed sources of money for the
retiree, accommodating different taxable lots in the taxable stock account, and working with
conversions from the TDA to both the Roth account and the taxable stock account.
We explain why the taxation structure for dividends can produce large, negative effects
in a retiree’s taxable stock portfolio. The magnitude of these effects, which can be quantified
with our algorithm, suggests that, contrary to conventional wisdom, many retirees would
be better off avoiding, instead of prizing, dividend paying stocks in their taxable accounts.
Our algorithm appears to be a significant improvement over the previous naı̈ve and informed
strategies, which are the most common strategies in the academic and non-academic literature
for withdrawing money in retirement. We were unable to find a case where these previous
strategies were superior to the strategy produced by our algorithm, nor would we expect to,
except in unusual circumstances, and, even then, only by minute amounts.
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Appendix 1: Proof that the withdrawal strategy between a TDA taxed at a constant tax rate versus a
Roth account does not matter.
Define T (t) and R(t) to be the worths of the TDA and Roth account respectively, which we
assume grow at the same rate, µ(t). Define CT (t) and CR (t) be the continuous time after-tax
consumption rates chosen for the TDA and Roth account respectively. Finally, we assume
that the TDA is taxed at a constant rate, τ , when money is taken out from it to satisfy
consumption. Given this, the TDA is governed by the ordinary differential equation (ODE)
dT
CT (t)
= µ(t)T (t) −
,
dt
1−τ
and the Roth account is governed by the ODE
dR
= µ(t)R(t) − CR (t).
dt
Let C(t) be the total, fixed, after-tax consumption rate for the retiree’s needs, so CT (t) and
CR (t) need to be chosen so that CT (t) + CR (t) = C(t). We define α(t) to be the fraction
of the total consumption met by the TDA, i.e., CT = α(t)C(t), and therefore 1 − α(t) is
the fraction of the total consumption met by the Roth account, i.e., CR (t) = (1 − α(t))C(t).
When T > 0 and R > 0, the retiree can choose α to take any value between 0 and 1. If
T > 0 and R = 0, then α must be 1, and if T = 0 and R > 0, then α must be 0. Should
the portfolio reach the state T = R = 0, we are at the time tlongevity , as the retiree is out of
money.
The key question is “Does the retiree’s choice for consumption allocation between the
TDA at a constant tax rate and the Roth account matter?” or, equivalently in our notation,
“Does the retiree’s choice for α(t) matter?” Conventional wisdom generally suggests that
it does, as indicated by the many references in the introduction that advocate using one of
the naı̈ve strategies. Academic research, on the other hand, suggests that it doesn’t. For
example, Cook et al. (2015) give two convincing, illustrative examples in discrete time with
µ and C constant, where portfolios with x Roth dollars last exactly as long as portfolios with
x
1−τ TDA dollars. DiLellio and Ostrov (2017) show analytically in continuous time with any
constant µ and C and any initial positions, T (0) and R(0), that a portfolio lasts just as long
when the TDA is drained (α = 1) and then the Roth is drained (α = 0) as when the Roth is
drained and then the TDA is drained.
We extend these results with a surprisingly simple argument to show that every strategy
α(t) leads to the same portfolio longevity, even when µ and C are functions of time. The
argument is to simply multiply the ODE for the TDA
dT
α(t)C(t)
= µ(t)T (t) −
,
dt
1−τ
by (1 − τ ) and add it to the ODE for the Roth account,

to obtain the ODE

dR
= µ(t)R(t) − (1 − α(t))C(t),
dt

(2)

dW
= µ(t)W (t) − C(t),
dt

(3)
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where W (t) = R(t) + (1 − τ )T (t). The fact that α(t) does not appear in equation (3)
establishes why the strategy, α(t), chosen by the retiree does not matter. The definition of
x
W (t) fits with the statement in Cook et al. (2015) that x Roth dollars are equivalent to 1−τ
TDA dollars, since W = x in either case.
Should we want to determine W (t), we simply solve the linear ODE, equation (3), by
multiplying equation (3) by an integrating factor


R
Rt
− 0t µ(s)ds dW
e
− µ(t)W (t) = −e− 0 µ(s)ds C(t),
dt
applying the product rule

Rt
d  − R t µ(s)ds
W (t) = −e− 0 µ(s)ds C(t),
e 0
dt
and then integrating from time 0 to an arbitrary time t to obtain
Z t R
R
s
− 0t µ(τ )dτ
W (t)e
e− 0 µ(τ )dτ C(s)ds
− W (0) = −

(4)

0

or, equivalently,
W (t) = W (0)e

Rt
0

µ(τ )dτ

Z
−

t Rt

e

s

µ(τ )dτ

C(s)ds.

0

Assuming C(t) is sufficiently big, there will be a time, tlongevity , where the portfolio
becomes exhausted. When this happens, from equation (4), we have that
Z t
Rs
longevity
R(0) + (1 − τ )T (0) =
e− 0 µ(τ )dτ C(s)ds,
(5)
0

since W (0) = R(0) + (1 − τ )T (0) and W (tlongevity ) = 0. Again, we note from equation (5)
that tlongevity is unaffected by the retiree’s choice of α(t). If, for example, µ is constant and
the consumption grows or decays exponentially, so C(t) = C(0)ekt , we can solve equation (5)
to obtain


k−µ
1
tlongevity =
ln 1 +
(R(0) + (1 − τ )T (0)) .
k−µ
C(0)
We note that tlongevity only exists when

k−µ
C(0) (R(0)

+ (1 − τ )T (0)) > −1, since the portfolio

k−µ
C(0) (R(0)

+ (1 − τ )T (0)) ≤ −1. For the subcase where µ and C
never runs out of money if
are both constant, we simply set k = 0, yielding

1 
µ
tlongevity = − ln 1 − (R(0) + (1 − τ )T (0)) ,
µ
C
which agrees with the result given in DiLellio and Ostrov (2017).
Finally, we note that this continuous time proof is easily converted into a discrete time
proof: again, we simply show that changes to W do not depend on the retiree’s choice of α.

Appendix 2: Derivation of amin, the lower bound on
the heir’s discount factor
Recall that a is defined as the ratio of the worth to an heir of a dollar inherited in a taxable
account to a dollar inherited in a Roth account. The upper bound on a is a = 1, which
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corresponds to the heir liquidating their Roth immediately upon inheriting it, since, at that
time, neither the Roth nor the taxable stock account are subject to tax, due to the forgiveness
of all taxable gains when the retiree dies. Of course, this is the worst case scenario for the
heir. In this appendix, we derive a formula for amin , the lower bound on a, which corresponds
to the best case scenario, where the heir liquidates their Roth account as slowly as possible
by only taking RMDs.
To determine amin , our approach will be to exhaust the Roth, which is initially worth,
say, M0 dollars, as slowly as possible through RMDs and then find the initial worth of a
comparable taxable stock account that, after providing the heir with the same after-tax
payouts as the Roth RMDs, exhausts itself at the same time as the Roth. Because this Roth
account and this taxable stock account are of equal worth to the heir, the initial worth of
the taxable account must be aM0 , which determines amin .
min
According to current IRS rules, if at t = tdeath , the heir has a life expectancy of Their more
1
years to live, then the heir’s RMDs are Their
of their Roth money (and of their TDA money)
in the first year of their inheritance, followed by Their1 −1 of their Roth (and TDA) money in
the second year, then Their1 −2 in their third year, etc., so their Roth (and TDA) portfolios are
completely liquidated in the Their − 1 year of their inheritance.10 Since our analysis will be
in continuous time, we will use continuous time analogues of these RMD rules, and we will
use µc = ln(1 + µ) and dc = ln(1 + d), which are the continuous time versions of µ and d.
We will also assume that dividends are always produced at a rate that is smaller than the
1
Roth RMDs (i.e., d ≤ Their
). Finally, we redefine the time t = 0 to now correspond to the
time when the heir begins their inheritance.
We begin with the Roth account. Letting MR (t) represent the amount of money in the
Roth account at time t, the continuous form of the IRS’s RMD rules forces us to liquidate
R (t)
the account at a rate of TMheir
−t dollars per year. Therefore, MR is governed by the differential
equation
dMR
MR
= µ c MR −
,
dt
Their − t
subject to the initial condition MR (0) = M0 . Separating variables


dMR
1
= µc −
dt
MR
Their − t
and integrating using the initial condition yields
MR (t) =

M0 µc t
e (Their − t).
Their

M0 µc t
R (t)
That is, we liquidate the Roth account at a rate of TMheir
(tax-free) dollars per
−t = Their e
year.
Now we look at the taxable account. Dividends are created at a rate of dc MT (t), where
MT (t) represents the amount of money in the taxable account at time t. Since we have to pay
taxes on the dividends at a rate of τdiv , the dividends generate after-tax cash at a continuous
rate of (1 − τdiv )dc MT .
In addition to using these dividends, we need to sell stock at an after-tax rate of TM0 eµc t −
heir
(1 − τdiv )dc MT to keep the same after-tax cash flow as the Roth account. Given that the
10

Here we are assuming the heir is not a spouse. If the heir is a spouse, the spouse has no Roth RMDs, and the
spouse has a variety of options for any inherited TDA (i.e., leave the TDA in the name of the deceased, roll it into
an inherited IRA, or roll it into a spousal IRA). Each of these choices potentially affects the value of amin .
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capital gains tax rate on any stock sold will be τgains (1 − e−(µc −dc )t ), this means we need to
sell stock at a before-tax rate of
M0 µ c t
− (1 − τdiv )dc MT
Their e
.
1 − τgains (1 − e−(µc −dc )t )
Given this, MT (t) is governed by the differential equation
M0 µc t
e − (1 − τdiv )dc MT
dMT
T
= (µc − dc )MT − heir
.
dt
1 − τgains (1 − e−(µc −dc )t )

Since this equation is linear, it can be put in the form
dMT
+ f (t)MT = g(t),
dt
where


(1 − τdiv )dc
and
f (t) = − (µc − dc ) +
(1 − τgains ) + τgains e−(µc −dc )t
− TM0 eµc t

heir
.
(1 − τgains ) + τgains e−(µc −dc )t
Multiplying the equation by the integrating factor

− (1−τdiv )dc
R
(1−τgains )(µc −dc )
τgains
f (t)dt
−(µc −dc )t
(µc −dc )t
I(t) = e
=e
e
+
1 − τgains

g(t) =

and applying the product rule transforms the linear equation into the form
d(MT (t)I(t))
= I(t)g(t).
dt
Recall that we start with MT (0) = aM0 dollars, which are to be completely drained by the
min
Roth-size cash flows by time Their , so MT (Their ) = 0. Therefore, if we integrate between t = 0
and t = Their , we have that
Z T
heir
M0
−I(0)
=
I(t)g(t)dt.
amin
0
Finally, using the full expressions for I and g and isolating amin yields


 −1
Z T
(1−τdiv )dc


− 1+ (1−τ
heir
1
gains )(µc −dc )
eµc t (1 − τgains )e(µc −dc )t + τgains
dt . (6)
amin = 
Their 0
If we assume that dividends are negligible, then we set dc = 0 in (6), which reduces to
simply
µc Their (1 − τgains )
.
amin =
(7)
ln (1 − τgains )eµc Their + τgains
Note that as Their → 0 in (7), by L’Hôpital’s Rule we have that amin → 1 as expected. Also,
as Their → ∞, we have that amin → (1 − τgains ), which is also expected, since, in this limit,
taxes on capital gains still occur, but the disadvantage of having to pay them earlier vanishes.
Similarly, for (6), as Their → 0, amin → 1, and, if τgains = τdiv (as is the case for most longµc
term investors), then as Their → ∞, amin → (1 − τgains ) µc −dc . Of course, letting Their → ∞
corresponds to a lower value for amin , so if we use typical values like τgains = 0.15, µc = 0.06,
0.06

and dc = 0.02, we produce the low-ball estimate amin = (1 − 0.15) 0.06−0.02 = 0.78; hence our
statement in Section 2 that amin ≥ 0.75 under typical circumstances.
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Appendix 3: Updating the worth of the TDA, Roth,
and taxable stock accounts during a given year
Update process for the Roth account
Notation:
sRoth is the worth of the stock in the Roth account.
MRoth are the after-tax consumption needs to be satisfied by the Roth account.
1. At the beginning of year t, use the Roth to satisfy the MRoth (after-tax)
dollars of consumption needs.
sRoth = sRoth − MRoth
2. Account for the gains over the year, noting that all dividends are reinvested,
so they have no effect.
sRoth = sRoth (1 + µ)

Update process for the TDA
Notation:
sTDA is the pre-tax worth of the TDA stock.
τmarg,k is the value of τmarg in the k th tax bracket, where k = 1 is the lowest tax bracket
and kmax is highest tax bracket in which TDA stock will be consumed.
MTDA,k are the after-tax consumption needs to be satisfied by TDA money in the k th tax
bracket.
1. At the beginning of year t, use the TDA to satisfy the

kP
max

MTDA,k (after-

k=1

tax) dollars of consumption needs.
For k = 1 to kmax
sTDA = sTDA −

MTDA,k
1−τmarg,k

2. Account for the gains over the year, noting that all dividends are reinvested,
so they have no effect.
sTDA = sTDA (1 + µ)
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Update process for the taxable stock account
Notation:
sTS,j is the pre-tax worth of the stock in lots j = 1, 2, ..., jmax .
ωj is the fraction of the stock in lot j that is in the cost basis, where j = 1, 2, ..., jmax . That
is, the current cost basis in lot j is ωj sTS,j .
MTS are the after-tax consumption needs to be satisfied by dividends and capital gains.
1. At the end of year t − 1, take dividends out of all the lots of stock, which
decreases their worth, but increases their cost basis fraction, ω. Use these dividends, after paying taxes on them, to buy a new lot of stock.
For j = 1 to jmax
sTS,j = sTS,j (1 − d)
ωj
ωj = 1−d
jmax = jmax + 1 (create the new lot)
!
jmax
P−1
sTS,jmax = (1 − τdiv )d
sTS,j
j=1

ωjmax = 1
2. At the beginning of year t, use the taxable stock account to satisfy the
MTS (after-tax) dollars of consumption needs.
For j = jmax to 1 (note decrement, not increment)
if MTS ≥ sTS,j [1 − τgains (1 − ωj )] (There are more consumption needs than lot j can satisfy.)
MTS = MTS − sTS,j [1 − τgains (1 − ωj )] (Exhaust all lot j stock for consumption.)
sTS,j = 0
else
M
sTS,j = sTS,j − 1−τ TS
(1−ωj ) (Sell just enough stock to satisfy remaining consumption needs)
gains

MTS = 0
jmax = j (since there are only j lots left)
break
3. Account for the gains over the year, just prior to dividend distributions.
For j = 1 to jmax
sTS,j = sTS,j (1 + µ)
ωj
ωj = 1+µ
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Appendix 4: Parameter values for computations
The following table gives the parameter values for all the cases presented in this paper:
Parameters
tdeath (in years)
µ
d
τdiv
τgains
τheir
a
ω at t = 1
TDA money at t = 1
Roth money at t = 1
Taxable Stock
money at t = 1
Retiree age at t = 1
Value of A in
L(t) = Aeb(t−1)
Value of b in
L(t) = Aeb(t−1)
Value of A in
U (t) = Aeb(t−1)
Value of b in
U (t) = Aeb(t−1)
Value of A in
C(t) = A(1 + r)t
Value of r in
C(t) = A(1 + r)t

Case
#1
25
5%
2%
15%
15%
11%
0.9
0.614
$160k
$60k

Case
#2
28
6%
3%
15%
15%
17%
0.91
0.312
$300k
$160k

Case
#3
25
5%
2%
15%
15%
11%
0.9
0.614
$350k
$90k

Case
#4
28
6%
3%
15%
15%
17%
0.91
0.312
$325k
$160k

Case
#5
37
5%
2%
15%
15%
30%
0.99
0.231
$1,700k
$275k

Case
#6
*
5%
2%
15%
15%
14%
0.9
0.614
$230k
$50k

Case
#7
30
5%
2%
15%
15%
28%
0.91
0.231
$1,900k
$300k

Case
#8
20
5%
2%
15%
15%
23%
0.9
0.614
$1,300k
$400k

Case
#9
*
7%
4%
15%
15%
28%
0.91
0.713
$400k
$100k

Case
#10
20
5%
1%
15%
15%
22%
0.89
0.231
$1,250k
$1,600k

Case
#11
25
5%
*
15%
15%
16%
1
0.054
$580k
$1,200k

$180k
70

$550k
65

$150k
70

$550k
65

$100k
70

$150k
70

$1,500k
70

$300k
65

$79k
30

$2,250k
70

$1,000k
70

$0

$20k

$0k

$20k

$10k

$10k

**

$30k

$0k

$0k

$0k

0

-0.09

9

-0.09

-0.2

-0.2

**

0

0

0

0

$0

$25

$0

$15k

$0

$5k

***

$0

$0

$0

$0

0

-0.3

0

-0.25

0

-0.25

***

0

0

0

0

$40k

$60k

$40k

$60k

$81k

$50k

****

$140k

$35k

$180k

$100k

-0.02

0.01

-0.02

0.015

0.01

0.005

****

0.01

0.006

0.01

0.01

* values vary and are listed in the paper
** L(t) = $10,000+$80(t − 1)(29.7 − t)+$9000(1.1 + cos(0.524t))
*** U (t) =$25,000(1.1 − cos(0.230t))
****C(t) = $200,000 +$100(t − 1)(32.1 − t)

The following table gives the incomes at which each IRS tax bracket begins for a single filer in 2018
(see https://taxfoundation.org/2018-tax-brackets/):
Bracket tax rate
Bottom of the bracket in pre-tax dollars
Bottom of the bracket in after-tax dollars

10%
0
0

12%
$9,525
$8,572.50

22%
$38,700
$34,246.50

24%
$82,500
$68,410.50

32%
$157,500
$125,410.50

35%
$200,000
$154,310.50

37%
$500,000
$349,310.50

We note that because our bar graphs are in after-tax dollars, the after-tax values in the final row of
our table correspond to the heights of the dashed and solid horizontal lines in the bar graphs.
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Appendix 5: Numerical values for Case #4
The following table gives the consumption values and balances generated by our algorithm over each
year for Case #4:

Year (t)
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

U (t)
$15,000
$11,682
$9,098
$7,085
$5,518
$4,298
$3,347
$2,607
$2,030
$1,581
$1,231
$959
$747
$582
$453
$353
$275
$214
$167
$130
$101
$79
$61
$48
$37
$29
$23
$18

Annual Consumption
(in After-tax Real Dollars)
Taxable Stock
Roth
TDA
L(t)
$25,900
$0
$0
$20,000
$31,853
$0
$0
$18,279
$36,937
$0
$0
$16,705
$41,329
$0
$0
$15,268
$45,165
$0
$0
$13,954
$34,588
$0
$13,968 $12,753
$36,838
$0
$14,751 $11,655
$38,757
$0
$15,575 $10,652
$32,327
$0
$24,511 $9,735
$33,805
$0
$25,349 $8,897
$35,199
$0
$26,115 $8,131
$36,532
$0
$26,815 $7,432
$37,820
$0
$27,455 $6,792
$39,077
$0
$28,039 $6,207
$40,314
$0
$28,573 $5,673
$41,540
$0
$29,062 $5,185
$42,760
$0
$29,508 $4,739
$43,980
$0
$29,916 $4,331
$4,989
$40,215 $30,289 $3,958
$5,130
$41,305 $30,629 $3,617
$5,274
$42,402 $30,941 $3,306
$5,423
$43,506 $31,225 $3,021
$5,576
$44,619 $31,485 $2,761
$5,733
$45,743 $31,723 $2,524
$5,895
$46,878 $31,940 $2,307
$6,061
$48,026 $32,139 $2,108
$6,232
$49,187 $32,320 $1,927
$6,408
$50,362 $32,486 $1,761
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Total (C(t))
$60,900
$61,814
$62,741
$63,682
$64,637
$65,607
$66,591
$67,590
$68,603
$69,632
$70,677
$71,737
$72,813
$73,905
$75,014
$76,139
$77,281
$78,440
$79,617
$80,811
$82,023
$83,254
$84,503
$85,770
$87,057
$88,363
$89,688
$91,033

Year End Balance
(in Before-tax Real Dollars)
Taxable Stock
Roth
TDA
$551,474
$169,600 $344,500
$545,966
$179,776 $365,170
$534,081
$190,563 $387,080
$516,252
$201,996 $410,305
$492,776
$214,116 $434,923
$480,464
$226,963 $444,193
$464,716
$240,581 $453,077
$445,721
$255,016 $461,501
$433,254
$270,317 $459,666
$418,258
$286,536 $456,712
$400,682
$303,728 $452,670
$380,444
$321,951 $447,561
$357,437
$341,269 $441,392
$331,531
$361,745 $434,164
$302,576
$383,449 $425,873
$270,404
$406,456 $416,510
$234,827
$430,844 $406,060
$195,642
$456,694 $394,502
$201,159
$441,468 $381,812
$206,832
$424,172 $367,959
$212,664
$404,677 $352,908
$218,661
$382,841 $336,619
$224,828
$358,516 $319,047
$231,168
$331,539 $300,140
$237,687
$301,741 $279,843
$244,390
$268,938 $258,094
$251,281
$232,936 $234,827
$258,368
$193,528 $209,968

